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impossible to engineer the power flow between fre-
quencies and prompting one to wonder if these systems
can ever be tamed.
For years, it has been speculated that statistical

mechanics could offer a route for deciphering the
dynamics of multimode nonlinear optical systems. How-
ever, it is only recently that a self-consistent theoretical
framework has been put forward43–45, offering a new
perspective on an array of complex nonlinear phenomena,
including beam self-cleaning46–48 and beam cooling
schemes43,49. Grounded in entropic principles, this theory
establishes a universal equation of state by means of
which the ensued Rayleigh–Jeans (RJ) equilibria can be
uniquely determined from the invariant quantities of the
system, and consequently for arbitrary excitation condi-
tions43,45. On this front, recent experimental studies have
provided direct evidence of single-frequency RJ therma-
lization as well as other archetypical thermodynamic
processes in multimode fibers50 and time-synthetic pho-
tonic mesh lattices51. Moreover, further theoretical and
experimental advancements have extended this frame-
work to encompass more complex scenarios, including
configurations with orbital angular momentum (OAM)52

and non-Hermitian settings53. This progress now paves
the way for the exploration of similar phenomena across
multiple degrees of freedom, aiming to provide an alto-
gether new understanding of frequency conversion pro-
cesses in highly multimode photonic arrangements. A
longstanding question in this context is whether heavily
multimode settings can achieve complete conversion to a
target frequency, akin to single mode optical systems, thus
facilitating frequency generation at significantly higher
power levels.
In this paper, we show that frequency generation in

spatially multimode structures is inherently an all-optical
thermodynamic process. In this context, all interacting
frequency components can be viewed as photonic “che-
mical reactants”, capable of undergoing thermodynamic
reactions driven by optical nonlinearities. In accord with
the second law of thermodynamics, the maximization of
optical entropy across all frequencies, leads to RJ equili-
bria that can be predicted from any possible excitation
condition43–45. We address this problem in the most
general sense by introducing a stoichiometric model that
encompasses all possible frequency conversion processes
such as difference-frequency generation (DFG), sum-
frequency generation (SFG) and four-wave mixing
(FWM). Ultimately, we develop a comprehensive strategy
to optimize conversion efficiencies in highly multimode
environments, offering a promising pathway to enable
platforms like parametric oscillators and comb sources at
power levels otherwise inaccessible in single-mode con-
figurations41,42. In this context, we identify a regime of
RJ thermalization, where a reaction at near-zero

temperatures not only maximizes frequency conversion
but also promotes the entropically irreversible funneling
of power to the fundamental mode at the target fre-
quency. These optimization capabilities are underpinned
by a key result in our study: an expression that formally
relates the stoichiometric coefficients to the optical che-
mical potentials, in full analogy to what is expected in
molecular/atomic chemical reactions, where the Gibbs
free energy is extremized54,55. Our theoretical framework
can offer unique insight into the long-term dynamics of
systems supporting hundreds or thousands of spatio-
temporal modes, paving the way for novel methodologies
aimed at controlling and harnessing their frequency
conversion capabilities.

Results
Theory
To formulate the aspects governing these optical “che-

mical reactions”, we begin by considering an exemplary
frequency generation process in an arbitrary multimoded
optical system. In the case under consideration, let us
assume that the reaction involves four frequencies, the
exchange of which is written in a “stoichiometric” fashion
according to

ν1ω1 þ ν2ω2 Ð ν3ω3 þ ν4ω4 ð1Þ
where ω1 and ω2 effectively correspond to optical
reactants, while ω3 and ω4 represent the product species.
The integers νk associated with each corresponding
frequency ωk represent stoichiometric coefficients in this
optical reaction, determined by the respective laws of
energy conservation. Equation (1) can capture a variety
of frequency conversion phenomena ranging from
second-harmonic generation (SHG) to FWM effects.
Under such conditions, the nonlinear evolution of the
optical field |Ψk〉, associated with a frequency species ωk,
is governed by

idjΨ ki
dz

¼ � bHL;k þ bHNL;k

� �
jΨ ki ð2Þ

where bHL;k denotes a linear propagation operator. In
discrete optical systems, like multicore fibers and arrays,
bHL;k has the form of a coupling matrix, while in
multimode optical waveguides such as fibers, bHL;k ¼
∂2x þ ∂2y þ Vk x; yð Þ, where the scaled function Vk x; yð Þ is
proportional to the waveguide’s index profile. In all cases,
the eigenspectrum and eigenfunctions of the bHL;k

operator correspond to the propagation constants ϵk;i
and the guided modes jψk;ii supported in the waveguide
structure, respectively. Finally, the operator bHNL;k arises
from the underlying nonlinear process that is responsible
for the multi-wave mixing effects as will be discussed
shortly.
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Abstract
Frequency generation in highly multimode nonlinear optical systems is inherently a complex process, giving rise to an
exceedingly convoluted landscape of evolution dynamics. While predicting and controlling the global conversion
efficiencies in such nonlinear environments has long been considered impossible, here, we formally address this
challenge even in scenarios involving a very large number of spatial modes. By utilizing fundamental notions from
optical statistical mechanics, we develop a universal theoretical framework that effectively treats all frequency
components as chemical reactants/products, capable of undergoing optical thermodynamic reactions facilitated by a
variety of multi-wave mixing effects. These photon–photon reactions are governed by conservation laws that directly
determine the optical temperatures and chemical potentials of the ensued chemical equilibria for each frequency
species. In this context, we develop a comprehensive stoichiometric model and formally derive an expression that
relates the chemical potentials to the optical stoichiometric coefficients, in a manner akin to atomic/molecular
chemical reactions. This advancement unlocks new predictive capabilities that can facilitate the optimization of
frequency generation in highly multimode photonic arrangements, surpassing the limitations of conventional
schemes that rely exclusively on nonlinear optical dynamics. Notably, we identify a universal regime of Rayleigh–Jeans
thermalization where an optical reaction at near-zero optical temperatures can promote the complete and entropically
irreversible conversion of light to the fundamental mode at a target frequency. Our theoretical results are corroborated
by numerical simulations in settings where second-harmonic generation, sum-frequency generation and four-wave
mixing processes can manifest.

Introduction
Leveraging nonlinearity for frequency generation1–13

has become a central focus in photonic science, enabling
groundbreaking advances such as tunable frequency comb
sources14–23, atomic clocks24,25, and sum frequency gen-
eration spectroscopies26,27, to mention a few. These
innovations find numerous applications, in areas ranging
from optical communications28 and metrology29,30 to
imaging31–33 and bio-photonics34,35. To date, frequency

generation processes have been predominantly studied in
systems with a limited number of transverse modes per
frequency component36–40. This highlights a vast, unex-
plored territory in highly multimode structures, such as
multimode fibers, nonlinear waveguide arrays and cav-
ities, where the potential for frequency generation
remains largely untapped, especially for high-power
applications41,42. In this respect, exploring novel meth-
odologies to adeptly understand, predict and control the
frequency conversion dynamics in such multimode non-
linear settings could lead to new advancements in optics.
However, in these environments, optical nonlinearities
can promote an exchange of optical power amongst
hundreds or thousands of transverse modes and across
multiple phase-matched paths, making it almost
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work to encompass more complex scenarios, including
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multiple degrees of freedom, aiming to provide an alto-
gether new understanding of frequency conversion pro-
cesses in highly multimode photonic arrangements. A
longstanding question in this context is whether heavily
multimode settings can achieve complete conversion to a
target frequency, akin to single mode optical systems, thus
facilitating frequency generation at significantly higher
power levels.
In this paper, we show that frequency generation in

spatially multimode structures is inherently an all-optical
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mical reactants”, capable of undergoing thermodynamic
reactions driven by optical nonlinearities. In accord with
the second law of thermodynamics, the maximization of
optical entropy across all frequencies, leads to RJ equili-
bria that can be predicted from any possible excitation
condition43–45. We address this problem in the most
general sense by introducing a stoichiometric model that
encompasses all possible frequency conversion processes
such as difference-frequency generation (DFG), sum-
frequency generation (SFG) and four-wave mixing
(FWM). Ultimately, we develop a comprehensive strategy
to optimize conversion efficiencies in highly multimode
environments, offering a promising pathway to enable
platforms like parametric oscillators and comb sources at
power levels otherwise inaccessible in single-mode con-
figurations41,42. In this context, we identify a regime of
RJ thermalization, where a reaction at near-zero

temperatures not only maximizes frequency conversion
but also promotes the entropically irreversible funneling
of power to the fundamental mode at the target fre-
quency. These optimization capabilities are underpinned
by a key result in our study: an expression that formally
relates the stoichiometric coefficients to the optical che-
mical potentials, in full analogy to what is expected in
molecular/atomic chemical reactions, where the Gibbs
free energy is extremized54,55. Our theoretical framework
can offer unique insight into the long-term dynamics of
systems supporting hundreds or thousands of spatio-
temporal modes, paving the way for novel methodologies
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Results
Theory
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frequency generation process in an arbitrary multimoded
optical system. In the case under consideration, let us
assume that the reaction involves four frequencies, the
exchange of which is written in a “stoichiometric” fashion
according to
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where ω1 and ω2 effectively correspond to optical
reactants, while ω3 and ω4 represent the product species.
The integers νk associated with each corresponding
frequency ωk represent stoichiometric coefficients in this
optical reaction, determined by the respective laws of
energy conservation. Equation (1) can capture a variety
of frequency conversion phenomena ranging from
second-harmonic generation (SHG) to FWM effects.
Under such conditions, the nonlinear evolution of the
optical field |Ψk〉, associated with a frequency species ωk,
is governed by

idjΨ ki
dz

¼ � bHL;k þ bHNL;k
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where bHL;k denotes a linear propagation operator. In
discrete optical systems, like multicore fibers and arrays,
bHL;k has the form of a coupling matrix, while in
multimode optical waveguides such as fibers, bHL;k ¼
∂2x þ ∂2y þ Vk x; yð Þ, where the scaled function Vk x; yð Þ is
proportional to the waveguide’s index profile. In all cases,
the eigenspectrum and eigenfunctions of the bHL;k

operator correspond to the propagation constants ϵk;i
and the guided modes jψk;ii supported in the waveguide
structure, respectively. Finally, the operator bHNL;k arises
from the underlying nonlinear process that is responsible
for the multi-wave mixing effects as will be discussed
shortly.
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“Materials and methods”)

Uk � μkPk ¼ MkT ð6Þ
which relates the intensive variables T and μk to three
extensive quantities Uk , Mk , and Pk .

Equations (5) and (6) now provide a versatile and pow-
erful tool for predicting the equilibrium power distribution
of each frequency component in such complex multimode
systems. Specifically, they enable one to uniquely determine
the key thermodynamic quantities T ; μ1�4 and conse-
quently the RJ distributions at equilibrium (Eq. (4)), directly
from the excitation conditions of the guiding system (see
Supplementary S.E). As we will demonstrate in subsequent
sections, this predictive capability can be leveraged to
optimize the design parameters of a highly multimoded
waveguide arrangement, thus achieving near 100% conver-
sion efficiency at a target frequency. Clearly, to realistically
achieve this goal, the nonlinear material should display high
transparency over the spectral range spanning the fre-
quency conversion processes.
To corroborate our theoretical analysis, we investigate

the optical thermodynamics of two distinct frequency
generation processes. First, we examine a degenerate four-
wave mixing process unfolding in a weakly guiding, χ 3ð Þ

nonlinear silica multimode fiber, as illustrated in Fig. 1a.
This frequency conversion process, described by 2ωA Ð
ωB þ ωC , is for example conceptually analogous to the
reversible decomposition of hydrogen iodide: 2HI Ð H2 þ
I2, characterized by stoichiometric coefficients ν1 ¼ 2,
ν2 ¼ 0, ν3 ¼ ν4 ¼ 1. According to Eq. (5), the chemical
potentials associated with each frequency component
must satisfy 2μA ¼ μB þ μC . In our example, the wave-
mixing process involves three wavelengths, λA ¼ 1272 nm,
λB ¼ 1306 nm, and λC ¼ 1240 nm, with the fiber sup-
porting a total number of MA ¼ 120;MB ¼ 120 and
MC ¼ 136 guided transverse modes at each respective
wavelength66. The individual propagation constants of all

guided modes are rigorously calculated from the fiber
parameters listed in the caption of Fig. 2, taking also into
account the wavelength-dependence of silica glass. Let us
consider for example, a situation where the fiber is excited
at all three wavelengths with powers PA ¼ 800 kW; PB ¼
50 kW; PC ¼ 100 kW. By carefully shaping the transverse
profiles of the injected beams, the normalized total inter-
nal energy in this system is U ¼ 1:532´ 104, dictated by
the initial power distribution among modes. These input
conditions provide direct knowledge of the four invariants
quantities (N1;N2;N3;U), from where one can analyti-
cally predict the intensive parameters of the chemical
equilibrium state of Eq. (4), that happen to be T ¼ 0:25,
μA ¼ 0:22, μB ¼ �0:11, μC ¼ 0:56 (see Supplementary
S.E). To monitor the thermalization dynamics of light in
this multimode fiber, we numerically simulate the non-
linear dynamics of all the modes involved under con-
tinuous wave (CW) or broad pulse conditions (see
Supplementary S.B). These results are depicted in
Fig. 2a, b, clearly demonstrating that the averaged power
modal occupancies eventually settle to RJ distributions
after 3m of propagation, in excellent agreement with our
theoretical predictions, i.e., Eq. (4).
To further demonstrate the predictive capabilities of our

theory, we study a different frequency generation process
by carrying out simulations on a multicore χ 2ð Þ nonlinear
optical waveguide array13,67–69. Specifically, we investigate
a LiNbO3 lattice involving M ¼ 30 identical guide ele-
ments as schematically depicted in Fig. 1b. The linear
eigenvalues ϵk;i corresponding to the ith optical super-
mode of the lattice at frequency ωk are given by ϵk;i ¼
2κk cos½πi=ðM þ 1Þ� þ βk , where κk stands for the uni-
form coupling coefficient between two neighboring
waveguide elements, and βk denotes the propagation
constant of the local mode at each individual site. Note
that all the parameters are defined at the frequency ωk . In
this type-0 χ 2ð Þ configuration, sum-frequency generation
can occur, described by the stoichiometric relation ωA þ

a

DFWM
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2ωA ωB + ωC
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Fig. 1 Frequency conversion thermodynamic processes in continuous and discrete photonic arrangements. a Schematic of a degenerate
four wave-mixing process 2ωA Ð ωB þ ωC , in a χ 3ð Þ graded-index (GRIN) multimode silica fiber. Here, the stoichiometry is mathematically analogous
to the reversible reaction of hydrogen iodide 2HI Ð H2 þ I2. b Sum-frequency generation process ωA þ ωB Ð ωC in a χ 2ð Þ LiNbO3 nonlinear
waveguide lattice, which is conceptually resembling for example thermal decomposition of calcium carbonate, i.e., CaCO3 Ð CaOþ CO2
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To describe frequency conversion phenomena through
the lens of optical thermodynamics, it is essential to
identify the first three pertinent conservation laws dic-
tating the multi-frequency balance in the optical reaction
described in the specific example of Eq. (1). These con-
servation laws or Manley–Rowe relations36 always result
from a hidden symmetry in the system (see Supplemen-
tary S.A). For the case considered in Eq. (1), the first
invariant (Manley–Rowe relation), N1 ¼ P1=ν1 � P2=ν2,
indicates that, under the stoichiometric numbers of
Eq. (1), the destruction of ν1 wave packets (or photons) at
ω1 will be accompanied by an annihilation of ν2 photons
at ω2. For the remaining frequency components, the
relations N2 ¼ P1=ν1 þ P3=ν3 and N3 ¼ P1=ν1 þ P4=ν4
similarly introduce two additional constants of motion. In

the above expressions, the normalized power levels Pk ¼
PMk

i¼1
jck;i zð Þj2 represent the power carried by a frequency

component k, supporting a total of Mk guided transverse
modes. Here, ck;i zð Þ stands for the complex modal
amplitude of mode i, as obtained via a projection of the
optical field state vector jΨ k zð Þi on the transverse mode
field profile jψk;ii, at a propagation distance z. The z

-dependance of the modal occupancies ck;i zð Þ�� ��2 ¼
jhψk;ijΨ k zð Þij2 is a direct consequence of nonlinearity,
that promotes the chaotic exchange of power among all
transverse modes and frequencies. Finally, wave propa-
gation in nonlinear multimode waveguides exhibits an
additional invariant. This fourth conserved quantity is

associated with the “kinetic” or internal energy U ¼
�PkhΨ k jĤL;k jΨ ki ¼ �Pk

P
i ϵk;ijck;ij2, where ϵk;i

denotes the eigenvalue (propagation constant) of the ith
transverse mode at frequency ωk . One can formally show
that this last invariant U is equivalent to the conservation
of the Minkowski electrodynamic momentum Tzz

56 over
all frequency components. We emphasize that both the
material’s optical properties and the structure’s geometric
characteristics are implicitly reflected in the eigenvalue
spectrum ϵk;i.

To frame this complex process as a thermodynamic
photon–photon chemical reaction, we utilize the fact that
in a multimode setting, the nonlinear dynamics described
by Eq. (2) unfold in a chaotic and thus ergodic fashion. In
our formalism, we assume a relatively weak nonlinearity,
under which frequency components behave like “gaseous”
entities, thus prohibiting the formation of coherent
objects such as solitons. In this context the role of non-
linearity is dual: it facilitates a continuous and chaotic
exchange of optical power among all

P4
k¼1Mk guided

modes, across the four interacting frequency species while
ensuring that, over time, the system will explore in a fair

manner its entire phase space, constrained by the four
invariants (N1;N2;N3;U). Notably, these four quantities
are directly determined by the modal occupancies J k;i �
ck;i
�� ��2, an aspect that is crucial for rigorously deriving the
equilibrium states of light in such convoluted multimode
configurations. To do so, we use the Boltzmann entropy

S ¼
X
k

XMk

i¼1

lnJk;i ð3Þ

that is appropriate for this classical micro-canonical
system43,44,57–65. At equilibrium, the average power levels
Pkh i associated with the optical reactants and products
can then be obtained by maximizing the total entropy of
the system S, as expected from the second law of
thermodynamics. In the presence of the four invariants,
this can be achieved by deploying four Lagrange multi-
pliers. This procedure, as outlined in the “Materials and
methods” section, reveals that at frequency ωk , upon
thermalization, the average power occupancy of a
transverse mode i will obey a RJ distribution:

Jk;i
� � ¼ � T

ϵk;i þ μk
ð4Þ

where T represents a common optical temperature and μk
the corresponding optical chemical potential that happens
to be different for each frequency component. Impor-
tantly, in this case, one can rigorously prove that the
chemical potentials pertaining to each frequency, are
related through (see “Materials and methods”)

ν1μ1 þ ν2μ2 ¼ ν3μ3 þ ν4μ4 ð5Þ

In this context, the equilibrium conditions for this
utterly complex multimode, multi-frequency conversion
process can be established: each frequency component
attains its own RJ distribution, characterized by a global
optical temperature but distinct chemical potentials
(Eq. (4)). Meanwhile, the chemical potentials are balanced
through the stoichiometric coefficients ν1�4 as indicated
by Eq. (5). Notably, Eq. (5) is formally analogous to what
one may expect in actual multi-species molecular/atomic
chemical reactions, where extremization of the Gibbs free
energy leads again to

P
jνjμj ¼ 054,55, formally relating the

stoichiometric coefficients to the chemical potentials.
Clearly, the role of stoichiometry in the chemical relations
(Eq. (5)) should have been anticipated given that both
settings (chemical and optical) are governed by the laws of
statistical mechanics. Importantly, using the RJ distribu-
tion, the internal energy Uk and the optical power Pk

associated with each frequency component ωk , one can
formally derive the following equation of state (see
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Equations (5) and (6) now provide a versatile and pow-
erful tool for predicting the equilibrium power distribution
of each frequency component in such complex multimode
systems. Specifically, they enable one to uniquely determine
the key thermodynamic quantities T ; μ1�4 and conse-
quently the RJ distributions at equilibrium (Eq. (4)), directly
from the excitation conditions of the guiding system (see
Supplementary S.E). As we will demonstrate in subsequent
sections, this predictive capability can be leveraged to
optimize the design parameters of a highly multimoded
waveguide arrangement, thus achieving near 100% conver-
sion efficiency at a target frequency. Clearly, to realistically
achieve this goal, the nonlinear material should display high
transparency over the spectral range spanning the fre-
quency conversion processes.
To corroborate our theoretical analysis, we investigate

the optical thermodynamics of two distinct frequency
generation processes. First, we examine a degenerate four-
wave mixing process unfolding in a weakly guiding, χ 3ð Þ

nonlinear silica multimode fiber, as illustrated in Fig. 1a.
This frequency conversion process, described by 2ωA Ð
ωB þ ωC , is for example conceptually analogous to the
reversible decomposition of hydrogen iodide: 2HI Ð H2 þ
I2, characterized by stoichiometric coefficients ν1 ¼ 2,
ν2 ¼ 0, ν3 ¼ ν4 ¼ 1. According to Eq. (5), the chemical
potentials associated with each frequency component
must satisfy 2μA ¼ μB þ μC . In our example, the wave-
mixing process involves three wavelengths, λA ¼ 1272 nm,
λB ¼ 1306 nm, and λC ¼ 1240 nm, with the fiber sup-
porting a total number of MA ¼ 120;MB ¼ 120 and
MC ¼ 136 guided transverse modes at each respective
wavelength66. The individual propagation constants of all

guided modes are rigorously calculated from the fiber
parameters listed in the caption of Fig. 2, taking also into
account the wavelength-dependence of silica glass. Let us
consider for example, a situation where the fiber is excited
at all three wavelengths with powers PA ¼ 800 kW; PB ¼
50 kW; PC ¼ 100 kW. By carefully shaping the transverse
profiles of the injected beams, the normalized total inter-
nal energy in this system is U ¼ 1:532´ 104, dictated by
the initial power distribution among modes. These input
conditions provide direct knowledge of the four invariants
quantities (N1;N2;N3;U), from where one can analyti-
cally predict the intensive parameters of the chemical
equilibrium state of Eq. (4), that happen to be T ¼ 0:25,
μA ¼ 0:22, μB ¼ �0:11, μC ¼ 0:56 (see Supplementary
S.E). To monitor the thermalization dynamics of light in
this multimode fiber, we numerically simulate the non-
linear dynamics of all the modes involved under con-
tinuous wave (CW) or broad pulse conditions (see
Supplementary S.B). These results are depicted in
Fig. 2a, b, clearly demonstrating that the averaged power
modal occupancies eventually settle to RJ distributions
after 3m of propagation, in excellent agreement with our
theoretical predictions, i.e., Eq. (4).
To further demonstrate the predictive capabilities of our

theory, we study a different frequency generation process
by carrying out simulations on a multicore χ 2ð Þ nonlinear
optical waveguide array13,67–69. Specifically, we investigate
a LiNbO3 lattice involving M ¼ 30 identical guide ele-
ments as schematically depicted in Fig. 1b. The linear
eigenvalues ϵk;i corresponding to the ith optical super-
mode of the lattice at frequency ωk are given by ϵk;i ¼
2κk cos½πi=ðM þ 1Þ� þ βk , where κk stands for the uni-
form coupling coefficient between two neighboring
waveguide elements, and βk denotes the propagation
constant of the local mode at each individual site. Note
that all the parameters are defined at the frequency ωk . In
this type-0 χ 2ð Þ configuration, sum-frequency generation
can occur, described by the stoichiometric relation ωA þ
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Fig. 1 Frequency conversion thermodynamic processes in continuous and discrete photonic arrangements. a Schematic of a degenerate
four wave-mixing process 2ωA Ð ωB þ ωC , in a χ 3ð Þ graded-index (GRIN) multimode silica fiber. Here, the stoichiometry is mathematically analogous
to the reversible reaction of hydrogen iodide 2HI Ð H2 þ I2. b Sum-frequency generation process ωA þ ωB Ð ωC in a χ 2ð Þ LiNbO3 nonlinear
waveguide lattice, which is conceptually resembling for example thermal decomposition of calcium carbonate, i.e., CaCO3 Ð CaOþ CO2
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To describe frequency conversion phenomena through
the lens of optical thermodynamics, it is essential to
identify the first three pertinent conservation laws dic-
tating the multi-frequency balance in the optical reaction
described in the specific example of Eq. (1). These con-
servation laws or Manley–Rowe relations36 always result
from a hidden symmetry in the system (see Supplemen-
tary S.A). For the case considered in Eq. (1), the first
invariant (Manley–Rowe relation), N1 ¼ P1=ν1 � P2=ν2,
indicates that, under the stoichiometric numbers of
Eq. (1), the destruction of ν1 wave packets (or photons) at
ω1 will be accompanied by an annihilation of ν2 photons
at ω2. For the remaining frequency components, the
relations N2 ¼ P1=ν1 þ P3=ν3 and N3 ¼ P1=ν1 þ P4=ν4
similarly introduce two additional constants of motion. In

the above expressions, the normalized power levels Pk ¼
PMk

i¼1
jck;i zð Þj2 represent the power carried by a frequency

component k, supporting a total of Mk guided transverse
modes. Here, ck;i zð Þ stands for the complex modal
amplitude of mode i, as obtained via a projection of the
optical field state vector jΨ k zð Þi on the transverse mode
field profile jψk;ii, at a propagation distance z. The z

-dependance of the modal occupancies ck;i zð Þ�� ��2 ¼
jhψk;ijΨ k zð Þij2 is a direct consequence of nonlinearity,
that promotes the chaotic exchange of power among all
transverse modes and frequencies. Finally, wave propa-
gation in nonlinear multimode waveguides exhibits an
additional invariant. This fourth conserved quantity is

associated with the “kinetic” or internal energy U ¼
�PkhΨ k jĤL;k jΨ ki ¼ �Pk

P
i ϵk;ijck;ij2, where ϵk;i

denotes the eigenvalue (propagation constant) of the ith
transverse mode at frequency ωk . One can formally show
that this last invariant U is equivalent to the conservation
of the Minkowski electrodynamic momentum Tzz

56 over
all frequency components. We emphasize that both the
material’s optical properties and the structure’s geometric
characteristics are implicitly reflected in the eigenvalue
spectrum ϵk;i.

To frame this complex process as a thermodynamic
photon–photon chemical reaction, we utilize the fact that
in a multimode setting, the nonlinear dynamics described
by Eq. (2) unfold in a chaotic and thus ergodic fashion. In
our formalism, we assume a relatively weak nonlinearity,
under which frequency components behave like “gaseous”
entities, thus prohibiting the formation of coherent
objects such as solitons. In this context the role of non-
linearity is dual: it facilitates a continuous and chaotic
exchange of optical power among all

P4
k¼1Mk guided

modes, across the four interacting frequency species while
ensuring that, over time, the system will explore in a fair

manner its entire phase space, constrained by the four
invariants (N1;N2;N3;U). Notably, these four quantities
are directly determined by the modal occupancies J k;i �
ck;i
�� ��2, an aspect that is crucial for rigorously deriving the
equilibrium states of light in such convoluted multimode
configurations. To do so, we use the Boltzmann entropy

S ¼
X
k

XMk

i¼1

lnJk;i ð3Þ

that is appropriate for this classical micro-canonical
system43,44,57–65. At equilibrium, the average power levels
Pkh i associated with the optical reactants and products
can then be obtained by maximizing the total entropy of
the system S, as expected from the second law of
thermodynamics. In the presence of the four invariants,
this can be achieved by deploying four Lagrange multi-
pliers. This procedure, as outlined in the “Materials and
methods” section, reveals that at frequency ωk , upon
thermalization, the average power occupancy of a
transverse mode i will obey a RJ distribution:

Jk;i
� � ¼ � T

ϵk;i þ μk
ð4Þ

where T represents a common optical temperature and μk
the corresponding optical chemical potential that happens
to be different for each frequency component. Impor-
tantly, in this case, one can rigorously prove that the
chemical potentials pertaining to each frequency, are
related through (see “Materials and methods”)

ν1μ1 þ ν2μ2 ¼ ν3μ3 þ ν4μ4 ð5Þ

In this context, the equilibrium conditions for this
utterly complex multimode, multi-frequency conversion
process can be established: each frequency component
attains its own RJ distribution, characterized by a global
optical temperature but distinct chemical potentials
(Eq. (4)). Meanwhile, the chemical potentials are balanced
through the stoichiometric coefficients ν1�4 as indicated
by Eq. (5). Notably, Eq. (5) is formally analogous to what
one may expect in actual multi-species molecular/atomic
chemical reactions, where extremization of the Gibbs free
energy leads again to

P
jνjμj ¼ 054,55, formally relating the

stoichiometric coefficients to the chemical potentials.
Clearly, the role of stoichiometry in the chemical relations
(Eq. (5)) should have been anticipated given that both
settings (chemical and optical) are governed by the laws of
statistical mechanics. Importantly, using the RJ distribu-
tion, the internal energy Uk and the optical power Pk

associated with each frequency component ωk , one can
formally derive the following equation of state (see
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thermodynamic framework enables the systematic design
of highly multimoded photonic arrays which as we will
see, in principle, can achieve nearly 100% conversion
efficiencies at a target frequency—a prospect previously
restricted to single- or few-mode settings. Our approach
to optimizing frequency conversion is grounded in the
principle that the equilibrium state of a “chemical” con-
version process is explicitly determined by the relative
spectral properties of the reactants and products. In such
thermalizing multi-frequency systems, the four invariant
quantities N1, N2, N3, and U—which can be derived from
initial excitation conditions and the propagation con-
stants of the guiding system—are always associated with a
unique solution for (T ; μ1; μ2; μ3). This aspect provides
immediate knowledge of the equilibrium states across any
physical or excitation parameter, thus revealing para-
metric regimes where long-term conversion efficiencies
are maximized. In this regard, the conversion efficiency
into a designated frequency product can be exceptionally
high when initial excitation conditions position the sys-
tem (to the extent the experiment allows) to attain a near-
zero optical temperature once thermal equilibrium is
reached. Under these conditions, not only is the conver-
sion highly efficient, but the energy also settles into the
fundamental mode of the target frequency.
To demonstrate this aspect in a realistic optical set-

ting13,67–69, we first consider an example involving SHG in a
LiNbO3 lattice comprising M= 10 sites, as shown in
Fig. 1b. The stoichiometric relation characterizing this
process is 2ωA Ð ωB, where ωA and ωB represent the fre-
quencies of the fundamental wave (FW) and second-
harmonic wave (SH), respectively. The linear eigenvalues
(normalized propagation constants) for these two frequency
components are ϵA;i ¼ 2κA cos½πi=ðM þ 1Þ� and ϵB;i ¼
2κB cos½πi=ðM þ 1Þ� þ Δ, where Δ ¼ 2βA � βB is a phase
mismatch and κA ¼ κB ¼ 1. In this example, the reaction

takes place under only two conservation laws, namely N1 ¼PM
i¼1 JA;i=2þ JB;i
� �

and U ¼ �PM
i¼1 ϵA;iJA;i þ ϵB;iJB;i
� �

.
Here, for visualization purposes, we renormalize the spec-
trum, ϵ0B;i ¼ ϵB;i=2, and the power J 0B;i ¼ 2JB;i of species

B, leading to N1 ¼
PM

i¼1 JA;i þ J 0B;i
� �

=2 and U ¼
�PM

i¼1 ϵA;iJA;i þ ϵ0B;iJ
0
B;i

� �
. Under these conditions, our

theory predicts that, at thermal equilibrium, the average
modal occupancies JA;i and J 0B;i converge to a common RJ
distribution with the same optical temperature T and
renormalized chemical potentials eμA ¼ eμB. Note that this
latter expression exactly corresponds to that expected from
Eq. (5), i.e., 2μA ¼ μB before renormalization, thus adhering
to the stoichiometry of the model. Figure 3a illustrates a
scenario where the LiNbO3 lattice is excited at the funda-
mental frequency by populating the first six transverse

modes with equal power. Here, we monitor the equilibria of
the system for different values of the phase mismatch
parameter Δ between the FW and SH, which can be typi-
cally adjusted by altering the actual sample tempera-
ture13,67–69. Our analytical predictions reveal that the
equilibria can continuously transition from a positive to a
negative temperature regime as the renormalized spectrum
of the SH ϵ0B shifts (Fig. 3a). More importantly, we observe
that the equilibrium power balance between the FW and
SH is directly dictated by the spectral shift leading to an
important pertinent question: can we identify an optimal set
of initial conditions and design parameters that maximizes
the generated SH component?
Figure 3b illustrates the conversion efficiency of the SHG

process as a function of the input energy U—determined by
the initial distribution of power amongst the transverse
modes of the FW—and the phase mismatch Δ. In this design,
κA ¼ κB ¼ 1, and the array supportsM ¼ 30 supermodes in
both the fundamental and the second harmonic resulting
from the first and third local transverse mode at each guiding
site, respectively67. The conversion efficiency PBh i=N1 ¼PM

i¼1 JB;i
� �

=N1 is analytically calculated via Eq. (4) after
extracting the thermodynamic quantities ðT ; μA; μBÞ from
the known parameters ðU ;P; ϵA;i; ϵB;iÞ and Eqs. (5) and (6)
(see Supplementary S.E). Evidently an abrupt transition from
0% to 100% conversion efficiency, marked by the green dot in
Fig. 3b, can take place at a phase mismatch of approximately
Δ ¼ 2:1. On the U axis, this effect is observed at near-
absolute-zero optical temperatures, associated with a mini-
mum energy value of U ¼ �PϵA;max, where the FW is
almost exclusively excited in its fundamental mode. Typi-
cally, at near-zero temperatures, equilibrium conditions
promote strong condensation of light into a global ground
state shared between the FW and the SH. This transition
results from an abrupt shift of the global ground state from
the fundamental mode of the FW, associated with a renor-
malized propagation constants ϵA;max, to the fundamental
mode of the SH, associated with ϵ0B;max. It is important to
note that, in all cases, light is injected solely in the FW, thus
leading to a complete transfer of power to the SH when the
detuning is approaching the transition point, following the
onset of thermalization.
What is remarkable here is that frequency conversion can

still reach maximum efficiency, even in highly complex
multimode systems where it’s impossible to perfectly match
the phases of all transverse modes in the FW and SH. In
such systems, instead, the effect is driven purely by optical
thermodynamics, governed by the underlying laws of the
respective optical reaction. To numerically validate
the theoretically anticipated results of Fig. 3b, we simulate
the SHG process at Δ ¼ 2:1 (Eqs. (C.2) in the Supple-
mentary S.C) by exciting equally the first two modes of the
FW with total normalized power of P ¼ 1:5 (the
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ωB Ð ωC , which is conceptually analogous to that
describing say the thermal decomposition of calcium
carbonate, i.e., CaCO3 Ð CaOþ CO2. Consequently, at
thermal equilibrium, the chemical potentials are expected
to satisfy μA þ μB ¼ μC . In simulating the discrete cou-
pled evolution equations, the nearest-neighbor normal-
ized coupling coefficients for these three frequencies are
here taken as κA ¼ 1, κB ¼ 0:5, κC ¼ 0:2, with a scaled
phase mismatch of Δ ¼ βC � βA � βB ¼ �3 (see Supple-
mentary S.D). Accordingly, the normalized propagation
constants for the three components span the ranges �2 �
ϵA � 2, �1 � ϵB � 1 and �3:4 � ϵC � �2:6, respectively.
For initial conditions specified in the Fig. 2c, one can

predict a global negative temperature T ¼ �0:01 with
chemical potentials μA ¼ 2:23, μB ¼ 1:42, and μC ¼ 3:65
(see Supplementary S.E). Numerical simulations, depicted
in Fig. 2c, corroborate our theoretical predictions.

Optimizing frequency conversion efficiency in multimode
systems
The theory presented herein provides a fundamentally

new perspective on the dynamic behavior of multimode
multifrequency photonic systems, revealing a large
untapped potential for not only optimizing but also har-
nessing their frequency conversion capabilities. Notably,
the predictive strength of our all-optical chemical
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Fig. 2 Thermalization dynamics of frequency conversion processes in continuous and discrete photonic arrangements. a Evolution of the
average transverse modal occupancies hJii for the three frequency components interacting via degenerate four-wave mixing in the GRIN fiber
(Fig. 1a). Here, the fiber core radius is 31.25 µm, with a refractive index contrast of ncore � ncladð Þ=ncore ¼ 0:01. The core refractive index ncore is
calculated using the Sellmeier equation for silica. The system is initiated by exciting equally a subset of transverse modes, primarily at frequency ωA .
b Comparison between simulation results and theoretical predictions. The resulting RJ equilibria exhibit a common temperature T ¼ 0:25 and
distinct chemical potentials, μA ¼ 0:22, μB ¼ �0:11, and μC ¼ 0:56, in accord with Eq. (5). c Average modal distributions at thermal equilibrium for a
LiNbO3 lattice configuration involving 30 waveguide elements as depicted in Fig. 1b. The corresponding theoretical temperature and chemical
potentials are predicted to be T ¼ �0:01 and μA ¼ 2:23, μB ¼ 1:42, and μC ¼ 3:65, resulting in RJ equilibria that match perfectly with numerical
simulation results. Here, a negative temperature indicates that higher-order modes are favored
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thermodynamic framework enables the systematic design
of highly multimoded photonic arrays which as we will
see, in principle, can achieve nearly 100% conversion
efficiencies at a target frequency—a prospect previously
restricted to single- or few-mode settings. Our approach
to optimizing frequency conversion is grounded in the
principle that the equilibrium state of a “chemical” con-
version process is explicitly determined by the relative
spectral properties of the reactants and products. In such
thermalizing multi-frequency systems, the four invariant
quantities N1, N2, N3, and U—which can be derived from
initial excitation conditions and the propagation con-
stants of the guiding system—are always associated with a
unique solution for (T ; μ1; μ2; μ3). This aspect provides
immediate knowledge of the equilibrium states across any
physical or excitation parameter, thus revealing para-
metric regimes where long-term conversion efficiencies
are maximized. In this regard, the conversion efficiency
into a designated frequency product can be exceptionally
high when initial excitation conditions position the sys-
tem (to the extent the experiment allows) to attain a near-
zero optical temperature once thermal equilibrium is
reached. Under these conditions, not only is the conver-
sion highly efficient, but the energy also settles into the
fundamental mode of the target frequency.
To demonstrate this aspect in a realistic optical set-

ting13,67–69, we first consider an example involving SHG in a
LiNbO3 lattice comprising M= 10 sites, as shown in
Fig. 1b. The stoichiometric relation characterizing this
process is 2ωA Ð ωB, where ωA and ωB represent the fre-
quencies of the fundamental wave (FW) and second-
harmonic wave (SH), respectively. The linear eigenvalues
(normalized propagation constants) for these two frequency
components are ϵA;i ¼ 2κA cos½πi=ðM þ 1Þ� and ϵB;i ¼
2κB cos½πi=ðM þ 1Þ� þ Δ, where Δ ¼ 2βA � βB is a phase
mismatch and κA ¼ κB ¼ 1. In this example, the reaction

takes place under only two conservation laws, namely N1 ¼PM
i¼1 JA;i=2þ JB;i
� �

and U ¼ �PM
i¼1 ϵA;iJA;i þ ϵB;iJB;i
� �

.
Here, for visualization purposes, we renormalize the spec-
trum, ϵ0B;i ¼ ϵB;i=2, and the power J 0B;i ¼ 2JB;i of species

B, leading to N1 ¼
PM

i¼1 JA;i þ J 0B;i
� �

=2 and U ¼
�PM

i¼1 ϵA;iJA;i þ ϵ0B;iJ
0
B;i

� �
. Under these conditions, our

theory predicts that, at thermal equilibrium, the average
modal occupancies JA;i and J 0B;i converge to a common RJ
distribution with the same optical temperature T and
renormalized chemical potentials eμA ¼ eμB. Note that this
latter expression exactly corresponds to that expected from
Eq. (5), i.e., 2μA ¼ μB before renormalization, thus adhering
to the stoichiometry of the model. Figure 3a illustrates a
scenario where the LiNbO3 lattice is excited at the funda-
mental frequency by populating the first six transverse

modes with equal power. Here, we monitor the equilibria of
the system for different values of the phase mismatch
parameter Δ between the FW and SH, which can be typi-
cally adjusted by altering the actual sample tempera-
ture13,67–69. Our analytical predictions reveal that the
equilibria can continuously transition from a positive to a
negative temperature regime as the renormalized spectrum
of the SH ϵ0B shifts (Fig. 3a). More importantly, we observe
that the equilibrium power balance between the FW and
SH is directly dictated by the spectral shift leading to an
important pertinent question: can we identify an optimal set
of initial conditions and design parameters that maximizes
the generated SH component?
Figure 3b illustrates the conversion efficiency of the SHG

process as a function of the input energy U—determined by
the initial distribution of power amongst the transverse
modes of the FW—and the phase mismatch Δ. In this design,
κA ¼ κB ¼ 1, and the array supportsM ¼ 30 supermodes in
both the fundamental and the second harmonic resulting
from the first and third local transverse mode at each guiding
site, respectively67. The conversion efficiency PBh i=N1 ¼PM

i¼1 JB;i
� �

=N1 is analytically calculated via Eq. (4) after
extracting the thermodynamic quantities ðT ; μA; μBÞ from
the known parameters ðU ;P; ϵA;i; ϵB;iÞ and Eqs. (5) and (6)
(see Supplementary S.E). Evidently an abrupt transition from
0% to 100% conversion efficiency, marked by the green dot in
Fig. 3b, can take place at a phase mismatch of approximately
Δ ¼ 2:1. On the U axis, this effect is observed at near-
absolute-zero optical temperatures, associated with a mini-
mum energy value of U ¼ �PϵA;max, where the FW is
almost exclusively excited in its fundamental mode. Typi-
cally, at near-zero temperatures, equilibrium conditions
promote strong condensation of light into a global ground
state shared between the FW and the SH. This transition
results from an abrupt shift of the global ground state from
the fundamental mode of the FW, associated with a renor-
malized propagation constants ϵA;max, to the fundamental
mode of the SH, associated with ϵ0B;max. It is important to
note that, in all cases, light is injected solely in the FW, thus
leading to a complete transfer of power to the SH when the
detuning is approaching the transition point, following the
onset of thermalization.
What is remarkable here is that frequency conversion can

still reach maximum efficiency, even in highly complex
multimode systems where it’s impossible to perfectly match
the phases of all transverse modes in the FW and SH. In
such systems, instead, the effect is driven purely by optical
thermodynamics, governed by the underlying laws of the
respective optical reaction. To numerically validate
the theoretically anticipated results of Fig. 3b, we simulate
the SHG process at Δ ¼ 2:1 (Eqs. (C.2) in the Supple-
mentary S.C) by exciting equally the first two modes of the
FW with total normalized power of P ¼ 1:5 (the
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ωB Ð ωC , which is conceptually analogous to that
describing say the thermal decomposition of calcium
carbonate, i.e., CaCO3 Ð CaOþ CO2. Consequently, at
thermal equilibrium, the chemical potentials are expected
to satisfy μA þ μB ¼ μC . In simulating the discrete cou-
pled evolution equations, the nearest-neighbor normal-
ized coupling coefficients for these three frequencies are
here taken as κA ¼ 1, κB ¼ 0:5, κC ¼ 0:2, with a scaled
phase mismatch of Δ ¼ βC � βA � βB ¼ �3 (see Supple-
mentary S.D). Accordingly, the normalized propagation
constants for the three components span the ranges �2 �
ϵA � 2, �1 � ϵB � 1 and �3:4 � ϵC � �2:6, respectively.
For initial conditions specified in the Fig. 2c, one can

predict a global negative temperature T ¼ �0:01 with
chemical potentials μA ¼ 2:23, μB ¼ 1:42, and μC ¼ 3:65
(see Supplementary S.E). Numerical simulations, depicted
in Fig. 2c, corroborate our theoretical predictions.

Optimizing frequency conversion efficiency in multimode
systems
The theory presented herein provides a fundamentally

new perspective on the dynamic behavior of multimode
multifrequency photonic systems, revealing a large
untapped potential for not only optimizing but also har-
nessing their frequency conversion capabilities. Notably,
the predictive strength of our all-optical chemical
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Fig. 2 Thermalization dynamics of frequency conversion processes in continuous and discrete photonic arrangements. a Evolution of the
average transverse modal occupancies hJii for the three frequency components interacting via degenerate four-wave mixing in the GRIN fiber
(Fig. 1a). Here, the fiber core radius is 31.25 µm, with a refractive index contrast of ncore � ncladð Þ=ncore ¼ 0:01. The core refractive index ncore is
calculated using the Sellmeier equation for silica. The system is initiated by exciting equally a subset of transverse modes, primarily at frequency ωA .
b Comparison between simulation results and theoretical predictions. The resulting RJ equilibria exhibit a common temperature T ¼ 0:25 and
distinct chemical potentials, μA ¼ 0:22, μB ¼ �0:11, and μC ¼ 0:56, in accord with Eq. (5). c Average modal distributions at thermal equilibrium for a
LiNbO3 lattice configuration involving 30 waveguide elements as depicted in Fig. 1b. The corresponding theoretical temperature and chemical
potentials are predicted to be T ¼ �0:01 and μA ¼ 2:23, μB ¼ 1:42, and μC ¼ 3:65, resulting in RJ equilibria that match perfectly with numerical
simulation results. Here, a negative temperature indicates that higher-order modes are favored
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accurately predicted by our theory. Figure 4c depicts the
power evolution along the propagation axis (as obtained
numerically by solving Eqs. (D.2) in the Supplementary S.D),
demonstrating an entropically irreversible conversion of
power to ωC with an efficiency of 92.3%.
Of interest would be exploring more convoluted

waveguide array configurations where the local FW

fundamental spatial mode is nonlinearly coupled to two
higher-order local even modes at the second harmonic
frequency that only nonlinearly interact via the
FW68,70,71 as shown in Fig. 5a. This system can be
implemented in a periodically poled lithium niobate
waveguide lattice as detailed in68. Note that the poling
features a single period, which does not enable phase-
matching for all the modes involved. In this scenario, as
Fig. 5b indicates, at thermal equilibrium, the two fre-
quency components reach their own RJ distribution at
the same optical temperature, while the chemical
potentials are again balanced, with 2μA ¼ μB. The same
optimization strategy can also be employed to transfer
optical power from the fundamental wave to either the
lowest or highest supermode within a specific band at
the second harmonic.

Conclusions and discussion
In conclusion, we have developed a comprehensive

theoretical framework that accurately predicts the statis-
tics of frequency conversion processes in nonlinear highly
multimode optical environments. By leveraging principles
from statistical mechanics, we introduced a stoichiometric
model that, along with the accompanying conservation
laws, provides a comprehensive method for calculating
the average occupancies of the transverse modes at each
frequency once RJ equilibria are established. Our theory
indicates that, upon thermalization, all frequency com-
ponents attain the same optical temperature and distinct
chemical potentials, uniquely determined by the initial
conditions. Notably, the equilibrium balance of chemical
potentials is dictated by a universal law that directly
reflects the stoichiometry of the optical frequency con-
version, in a way akin to molecular and atomic chemical
reactions. This result enables us to identify a parametric
regime where an optical multi-frequency reaction at near-
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corresponding actual power in LiNbO3 is 12W). Figure 3c
shows the modal occupancies for both the FW and the SH,
at the input and after thermal equilibrium is attained at the
output. As Fig. 3c shows, the two species successfully relax
to the theoretically predicted RJ equilibria, with T ¼ 0:0018
and μA ¼ �2:046, while most of the power, initially occu-
pying the FW, is now transferred to the fundamental
mode of the SH, resulting in a conversion efficiency of 91%.
Figure 3d illustrates the power evolution as a function of the
propagation distance, indicating that in this multimode
arrangement, power transfer is entropically irreversible.
The general methodology outlined here is universal and

can be extended to other frequency conversion processes.
We next consider a type-0 sum-frequency generation pro-
cess, ωA þ ωB Ð ωC , unfolding in a LiNbO3 waveguide
array, as schematically shown in Fig. 1b. As before, the array
supports M ¼ 30 supermodes in each frequency, resulting
from the first (at ωA and ωB), and third (ωC) local transverse
mode at each guiding site, respectively. In this configuration,
the coupling coefficients associated with frequencies ωA, ωB

and ωC are taken to be κA ¼ 1, κB ¼ 0:5 and κC ¼ 0:2,
respectively (see Supplementary S.G). Consequently, the
corresponding eigenvalue spectra at zero detuning will lie in
the ranges of �2 � ϵA � 2, �1 � ϵB � 1 and �0:4 � ϵC �

0:4. To study this case, we fix the input internal energy at
U ¼ �PAϵA;max � PBϵB;max, associated with the optimal
zero-temperature equilibrium state for the SFG process.
Figure 4a displays the conversion efficiency at the generated
frequency ωC as a function of the power ratio PB=PA of the
reactants and the phase mismatch parameter Δ ¼ βC �
βB � βA. As predicted by our chemical thermodynamic
formalism and illustrated in Fig. 4a, the conversion efficiency
attains a maximum at an input power ratio of PA : PB ¼ 1 :
1 and a critical phase mismatch of approximately Δ ¼
�ðϵC;max � ϵA;max � ϵB;maxÞ ¼ 2:6. To validate this theore-
tical result, we performed numerical simulations over a range
of parameters from where we found that indeed at a phase
mismatch of Δ � 2:68, and input powers PA ¼ PB ¼ 1
(actual powers for λA and λB are 2.9W and 3.4W, respec-
tively), the conversion efficiency is maximized when the
input power is equally shared between the first two modes of
each frequency component (ωA, ωB). As shown in Fig. 4b, at
thermal equilibrium, the optical power is irreversibly and
almost entirely transferred from the reactant frequencies ωA

and ωB to the product frequency ωC , occupying mostly the
fundamental mode at ωC . This state is characterized by three
near-zero temperature RJ distributions with parameters T ¼
0:0013, μA ¼ �2:022, μB ¼ �1:058 and μC ¼ �3:08, as
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accurately predicted by our theory. Figure 4c depicts the
power evolution along the propagation axis (as obtained
numerically by solving Eqs. (D.2) in the Supplementary S.D),
demonstrating an entropically irreversible conversion of
power to ωC with an efficiency of 92.3%.
Of interest would be exploring more convoluted

waveguide array configurations where the local FW

fundamental spatial mode is nonlinearly coupled to two
higher-order local even modes at the second harmonic
frequency that only nonlinearly interact via the
FW68,70,71 as shown in Fig. 5a. This system can be
implemented in a periodically poled lithium niobate
waveguide lattice as detailed in68. Note that the poling
features a single period, which does not enable phase-
matching for all the modes involved. In this scenario, as
Fig. 5b indicates, at thermal equilibrium, the two fre-
quency components reach their own RJ distribution at
the same optical temperature, while the chemical
potentials are again balanced, with 2μA ¼ μB. The same
optimization strategy can also be employed to transfer
optical power from the fundamental wave to either the
lowest or highest supermode within a specific band at
the second harmonic.

Conclusions and discussion
In conclusion, we have developed a comprehensive

theoretical framework that accurately predicts the statis-
tics of frequency conversion processes in nonlinear highly
multimode optical environments. By leveraging principles
from statistical mechanics, we introduced a stoichiometric
model that, along with the accompanying conservation
laws, provides a comprehensive method for calculating
the average occupancies of the transverse modes at each
frequency once RJ equilibria are established. Our theory
indicates that, upon thermalization, all frequency com-
ponents attain the same optical temperature and distinct
chemical potentials, uniquely determined by the initial
conditions. Notably, the equilibrium balance of chemical
potentials is dictated by a universal law that directly
reflects the stoichiometry of the optical frequency con-
version, in a way akin to molecular and atomic chemical
reactions. This result enables us to identify a parametric
regime where an optical multi-frequency reaction at near-
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corresponding actual power in LiNbO3 is 12W). Figure 3c
shows the modal occupancies for both the FW and the SH,
at the input and after thermal equilibrium is attained at the
output. As Fig. 3c shows, the two species successfully relax
to the theoretically predicted RJ equilibria, with T ¼ 0:0018
and μA ¼ �2:046, while most of the power, initially occu-
pying the FW, is now transferred to the fundamental
mode of the SH, resulting in a conversion efficiency of 91%.
Figure 3d illustrates the power evolution as a function of the
propagation distance, indicating that in this multimode
arrangement, power transfer is entropically irreversible.
The general methodology outlined here is universal and

can be extended to other frequency conversion processes.
We next consider a type-0 sum-frequency generation pro-
cess, ωA þ ωB Ð ωC , unfolding in a LiNbO3 waveguide
array, as schematically shown in Fig. 1b. As before, the array
supports M ¼ 30 supermodes in each frequency, resulting
from the first (at ωA and ωB), and third (ωC) local transverse
mode at each guiding site, respectively. In this configuration,
the coupling coefficients associated with frequencies ωA, ωB

and ωC are taken to be κA ¼ 1, κB ¼ 0:5 and κC ¼ 0:2,
respectively (see Supplementary S.G). Consequently, the
corresponding eigenvalue spectra at zero detuning will lie in
the ranges of �2 � ϵA � 2, �1 � ϵB � 1 and �0:4 � ϵC �

0:4. To study this case, we fix the input internal energy at
U ¼ �PAϵA;max � PBϵB;max, associated with the optimal
zero-temperature equilibrium state for the SFG process.
Figure 4a displays the conversion efficiency at the generated
frequency ωC as a function of the power ratio PB=PA of the
reactants and the phase mismatch parameter Δ ¼ βC �
βB � βA. As predicted by our chemical thermodynamic
formalism and illustrated in Fig. 4a, the conversion efficiency
attains a maximum at an input power ratio of PA : PB ¼ 1 :
1 and a critical phase mismatch of approximately Δ ¼
�ðϵC;max � ϵA;max � ϵB;maxÞ ¼ 2:6. To validate this theore-
tical result, we performed numerical simulations over a range
of parameters from where we found that indeed at a phase
mismatch of Δ � 2:68, and input powers PA ¼ PB ¼ 1
(actual powers for λA and λB are 2.9W and 3.4W, respec-
tively), the conversion efficiency is maximized when the
input power is equally shared between the first two modes of
each frequency component (ωA, ωB). As shown in Fig. 4b, at
thermal equilibrium, the optical power is irreversibly and
almost entirely transferred from the reactant frequencies ωA

and ωB to the product frequency ωC , occupying mostly the
fundamental mode at ωC . This state is characterized by three
near-zero temperature RJ distributions with parameters T ¼
0:0013, μA ¼ �2:022, μB ¼ �1:058 and μC ¼ �3:08, as
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modes (left panel). As the phase mismatch between the fundamental and harmonic wave increases, the system transits from a positive temperature
to a negative temperature regime, where the higher order modes are preferentially populated. The equilibrium power ratios between the SH and FW
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predicted T ¼ 0:0018, matching simulations results. d Optical power evolution as obtained from numerical simulations for the latter case. After
thermalization, a conversion efficiency of 91% is attained, in agreement with theoretical predictions
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is given by

S ¼
X
k

Sk Uk ;Mk ;Pkð Þ ¼
X
k

XMk

i

lnJ k;i ¼
X
k

XMk

i

ln � T
ϵk;i þ μk

� �

where k and i denote the frequency and mode index,
respectively. To demonstrate that in these systems, the
entropy is indeed extensive, let us now, double for
example the number of supermodes Mk at frequency ωk,
i.e., Mk ! 2Mk in a self-similar manner. In this respect,
each eigenvalue ϵk;i now splits into two closely spaced
“energy” levels ϵk;i1 and ϵk;i2, that approximately satisfy
ϵk;i1 � ϵk;i2 � ϵk;i. At the same time, let us double the
optical powers, i.e., Pk→ 2Pk in which case Uk→ 2Uk

43.
From Eq. (9), we find that T and μk remain the same since
2Uk � 2μkPk ¼ 2MkT . As a result, the total entropy now
becomes

S0 ¼
X
k

Sk 2Uk ; 2Mk ; 2Pkð Þ ¼
X
k

XMk

i

ln � T
ϵk;i1 þ μk

� �
þ ln � T

ϵk;i2 þ μk

� �� �

Hence

S0 ¼
X
k

Sk 2Uk ; 2Mk ; 2Pkð Þ

¼ 2
X
k

XMk

i

ln � T
ϵk;i þ μk

� �
¼ 2

X
k

Sk Uk ;Mk ;Pkð Þ ¼ 2S

This aspect can be further generalized, i.e., S0 ¼P
kSk λUk ; λMk ; λPkð Þ ¼ λ

P
kSk Uk ;Mk ;Pkð Þ ¼ λS. Thus,

the optical entropy as given by Eq. (3) is extensive.
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zero optical temperature irreversibly maximizes frequency
conversion across the entire spatial spectrum. The work
presented here may open new possibilities in controlling
and harnessing complex interactions in high-power
multimode optical parametric oscillators and amplifiers
as well as in bio-imaging applications.
Finally, we would like to emphasize that it remains

uncertain to what extent the correspondence between
chemical thermodynamics and optical thermodynamics
holds. The justification for this premise rests on two key
points: (i) the fact that the different optical species (fre-
quencies) eventually settle at thermal equilibrium into the
same temperature in their corresponding Rayleigh-Jeans
distributions and, (ii) the chemical potentials are stoichio-
metrically related as in chemistry, given that the exchange
of photons should satisfy the pertinent Manley–Rowe
relations. In addition, in the microcanonical setting dis-
cussed here, the frequency conversion processes happen to
be strictly speaking amphidromous unless of course the
system is placed (under appropriate initial conditions) at a
near zero optical temperature in which case the conversion
into a predesignated frequency is thermodynamically irre-
versible. At this stage, one might also naturally ask whether
these all-optical processes could also be described using
other thermodynamic quantities, such as enthalpy or Gibbs
free energy, or whether overarching principles like that of
Le–Chatelier still apply.

Materials and methods
Chemical potential relation
Here we analytically derive the chemical potential balance

relation, as expressed by Eq. (5) in the main text. Once
optical thermal equilibrium is attained, the entropy asso-
ciated with a frequency conversion process will reach a
maximum, subject to constraints imposed by the conserva-
tion laws:

N1 ¼ 1
ν1
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where Jk;i � h ck;i
�� ��2i denotes the average modal occu-

pancy of the ith spatial mode at frequency ωk . Extremiza-
tion by means of four Lagrange multipliers α; β; γ and δ

leads to:
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Thus,

J1;i ¼ � 1
αþγþδ
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þ βϵ1;i

; J2;i ¼ � 1
� α

ν2
þ βϵ2;i

J3;i ¼ � 1
δ
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; J4;i ¼ � 1
γ
ν4
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We then introduce the intensive quantities corre-
sponding to the four conservation laws by defining β ¼
1=T and ðαþ γ þ δÞ=ν1 ¼ μ1=T , �α=ν2 ¼ μ2=T , δ=ν3 ¼
μ3=T , γ=ν4 ¼ μ4=T where T is the common optical
temperature and μk denotes the corresponding chemical
potential. As a result, upon thermalization, for each fre-
quency component, the average power occupancy among
the associated spatial modes is found to obey a Rayleigh-
Jeans distribution, i.e., Eq. (4), while their chemical
potentials μk are balanced according to Eq. (5).

Derivation of equations of state
As demonstrated in the main text, at thermal equili-

brium, the optical power and internal energy at frequency
ωk are given by

Pk ¼
XMk

i¼1

Jk;i ð7Þ

Uk ¼ �
XMk

i¼1

ϵk;iJ k;i ð8Þ

where each modal occupancy Jk;i obeys a RJ distribution
(Eq. (4)). After substituting the RJ distributions in the
above expressions, we obtain

Uk

T
� μk

T
Pk ¼

XMk

i¼1

ϵk;i
ϵk;i þ μk

� �
� � μk

ϵk;i þ μk

� �� �
¼
XMk

i¼1

1 ¼ Mk

which directly leads to the equations of state

Uk � μkPk ¼ MkT ð9Þ

Extensivity of the optical entropy
As indicated in the main text, at equilibrium, the total

optical entropy of this multi-frequency multimode system
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is given by

S ¼
X
k

Sk Uk ;Mk ;Pkð Þ ¼
X
k

XMk

i

lnJ k;i ¼
X
k

XMk

i

ln � T
ϵk;i þ μk

� �

where k and i denote the frequency and mode index,
respectively. To demonstrate that in these systems, the
entropy is indeed extensive, let us now, double for
example the number of supermodes Mk at frequency ωk,
i.e., Mk ! 2Mk in a self-similar manner. In this respect,
each eigenvalue ϵk;i now splits into two closely spaced
“energy” levels ϵk;i1 and ϵk;i2, that approximately satisfy
ϵk;i1 � ϵk;i2 � ϵk;i. At the same time, let us double the
optical powers, i.e., Pk→ 2Pk in which case Uk→ 2Uk

43.
From Eq. (9), we find that T and μk remain the same since
2Uk � 2μkPk ¼ 2MkT . As a result, the total entropy now
becomes

S0 ¼
X
k

Sk 2Uk ; 2Mk ; 2Pkð Þ ¼
X
k

XMk

i

ln � T
ϵk;i1 þ μk

� �
þ ln � T

ϵk;i2 þ μk

� �� �

Hence

S0 ¼
X
k

Sk 2Uk ; 2Mk ; 2Pkð Þ

¼ 2
X
k

XMk

i

ln � T
ϵk;i þ μk

� �
¼ 2

X
k

Sk Uk ;Mk ;Pkð Þ ¼ 2S

This aspect can be further generalized, i.e., S0 ¼P
kSk λUk ; λMk ; λPkð Þ ¼ λ

P
kSk Uk ;Mk ;Pkð Þ ¼ λS. Thus,

the optical entropy as given by Eq. (3) is extensive.

Acknowledgements
This work was supported by the Air Force Office of Scientific Research (AFOSR)
Multidisciplinary University Research Initiative (MURI) award on Novel
light–matter interactions in topologically non-trivial Weyl semimetal structures
and systems (award No. FA9550-20-1-0322), AFOSR MURI award on
Programmable systems with non-Hermitian quantum dynamics (award no.
FA9550-21-1-0202), ONR MURI award on the classical entanglement of light
(award No. N00014-20-1-2789), the Army Research Office (W911NF-23-1-0312),
the Department of Energy (DE-SC0022282), W.M. Keck Foundation, the
Department of Energy (DE-SC0025224), MPS Simons collaboration (Simons
grant No. 733682), US Air Force Research Laboratory (FA86511820019) and
AFRL—Applied Research Solutions (S03015) (FA8650-19-C-1692).

Author details
1Ming Hsieh Department of Electrical and Computer Engineering, University of
Southern California, Los Angeles, CA 90089, USA. 2CREOL, College of Optics
and Photonics, University of Central Florida, Orlando, FL 32816, USA.
3Department of Physics and Astronomy, University of Southern California, Los
Angeles, CA 90089, USA. 4Present address: School of Applied and Engineering
Physics, Cornell University, Ithaca, NY 14853, USA

Author contributions
D.N.C. and M.K. conceived the idea. F.O.W., H.R., Q.Z. and G.G.P developed the
theory. G.G.P and H.R. proposed the optimization scheme and prepared the
original draft. H.R. performed the simulations. All the authors contributed to
the review and editing of the draft.

Conflict of interest
The authors declare no competing interests.

Supplementary information The online version contains supplementary
material available at https://doi.org/10.1038/s41377-025-01856-4.

Received: 8 November 2024 Revised: 27 March 2025 Accepted: 31 March
2025

References
1. Franken, P. A. et al. Generation of optical harmonics. Phys. Rev. Lett. 7, 118–119

(1961).
2. Armstrong, J. A. et al. Interactions between light waves in a nonlinear

dielectric. Phys. Rev. 127, 1918–1939 (1962).
3. Giordmaine, J. A. Mixing of light beams in crystals. Phys. Rev. Lett. 8, 19–20

(1962).
4. Harris, S. E., Macklin, J. J. & Hänsch, T. W. Atomic scale temporal structure

inherent to high-order harmonic generation. Opt. Commun. 100, 487–490
(1993).

5. Giordmaine, J. A. & Miller, R. C. Tunable coherent parametric oscillation in
LiNbO3 at optical frequencies. Phys. Rev. Lett. 14, 973–976 (1965).

6. Yariv, A. & Louisell, W. 5A2 - theory of the optical parametric oscillator. IEEE J.
Quantum Electron. 2, 418–424 (1966).

7. Harris, S. E. Tunable optical parametric oscillators. Proc. IEEE 57, 2096–2113
(1969).

8. Bloembergen, N. Nonlinear optics and spectroscopy. Rev. Mod. Phys. 54,
685–695 (1982).

9. Torruellas, W. E. et al. Observation of two-dimensional spatial solitary waves in
a quadratic medium. Phys. Rev. Lett. 74, 5036–5039 (1995).

10. Rodriguez, A. et al. χ(2) and χ(3) harmonic generation at a critical power in
inhomogeneous doubly resonant cavities. Opt. Express 15, 7303–7318 (2007).

11. Hashemi, H. et al. Nonlinear harmonic generation and devices in doubly
resonant Kerr cavities. Phys. Rev. A 79, 013812 (2009).

12. Sukhorukov, A. A. et al. Parametric localized modes in quadratic nonlinear
photonic structures. Phys. Rev. E 63, 016615 (2000).

13. Iwanow, R. et al. Observation of discrete quadratic solitons. Phys. Rev. Lett. 93,
113902 (2004).

14. Andreae, T. W. et al. Absolute frequency measurement of the hydrogen 1S-2S
transition and a new value of the Rydberg constant. Phys. Rev. Lett. 69,
1923–1926 (1992).

15. Holzwarth, R. et al. Optical frequency synthesizer for precision spectroscopy.
Phys. Rev. Lett. 85, 2264–2267 (2000).

16. Jones, D. J. et al. Carrier-envelope phase control of femtosecond mode-locked
lasers and direct optical frequency synthesis. Science 288, 635–639 (2000).

17. Del’Haye, P. et al. Optical frequency comb generation from a monolithic
microresonator. Nature 450, 1214–1217 (2007).

18. Razzari, L. et al. CMOS-compatible integrated optical hyper-parametric oscil-
lator. Nat. Photonics 4, 41–45 (2010).

19. Kues, M. et al. On-chip generation of high-dimensional entangled quantum
states and their coherent control. Nature 546, 622–626 (2017).

20. Ferrera, M. et al. Low-power continuous-wave nonlinear optics in doped silica
glass integrated waveguide structures. Nat. Photonics 2, 737–740 (2008).

21. Miller, S. A. et al. Tunable frequency combs based on dual microring reso-
nators. Opt. Express 23, 21527–21540 (2015).

22. Turner, A. C. et al. Ultra-low power parametric frequency conversion in a
silicon microring resonator. Opt. Express 16, 4881–4887 (2008).

23. Roy, A. et al. Visible-to-mid-IR tunable frequency comb in nanophotonics. Nat.
Commun. 14, 6549 (2023).

24. Ye, J., Schnatz, H. & Hollberg, L. W. Optical frequency combs: from frequency
metrology to optical phase control. IEEE J. Sel. Top. Quantum Electron. 9,
1041–1058 (2003).

25. Stern, L. et al. Direct Kerr frequency comb atomic spectroscopy and stabili-
zation. Sci. Adv. 6, eaax6230 (2020).

26. Guyot-Sionnest, P., Hunt, J. H. & Shen, Y. R. Sum-frequency vibrational spec-
troscopy of a Langmuir film: study of molecular orientation of a two-
dimensional system. Phys. Rev. Lett. 59, 1597–1600 (1987).

27. Hunt, J. H. et al. Observation of C-H stretch vibrations of monolayers of
molecules optical sum-frequency generation. Chem. Phys. Lett. 133, 189–192
(1987).

28. Marin-Palomo, P. et al. Microresonator-based solitons for massively parallel
coherent optical communications. Nature 546, 274–279 (2017).

Ren et al. Light: Science & Applications ���������(2025)�14:188� Page 10 of 11

zero optical temperature irreversibly maximizes frequency
conversion across the entire spatial spectrum. The work
presented here may open new possibilities in controlling
and harnessing complex interactions in high-power
multimode optical parametric oscillators and amplifiers
as well as in bio-imaging applications.
Finally, we would like to emphasize that it remains

uncertain to what extent the correspondence between
chemical thermodynamics and optical thermodynamics
holds. The justification for this premise rests on two key
points: (i) the fact that the different optical species (fre-
quencies) eventually settle at thermal equilibrium into the
same temperature in their corresponding Rayleigh-Jeans
distributions and, (ii) the chemical potentials are stoichio-
metrically related as in chemistry, given that the exchange
of photons should satisfy the pertinent Manley–Rowe
relations. In addition, in the microcanonical setting dis-
cussed here, the frequency conversion processes happen to
be strictly speaking amphidromous unless of course the
system is placed (under appropriate initial conditions) at a
near zero optical temperature in which case the conversion
into a predesignated frequency is thermodynamically irre-
versible. At this stage, one might also naturally ask whether
these all-optical processes could also be described using
other thermodynamic quantities, such as enthalpy or Gibbs
free energy, or whether overarching principles like that of
Le–Chatelier still apply.

Materials and methods
Chemical potential relation
Here we analytically derive the chemical potential balance

relation, as expressed by Eq. (5) in the main text. Once
optical thermal equilibrium is attained, the entropy asso-
ciated with a frequency conversion process will reach a
maximum, subject to constraints imposed by the conserva-
tion laws:
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where Jk;i � h ck;i
�� ��2i denotes the average modal occu-

pancy of the ith spatial mode at frequency ωk . Extremiza-
tion by means of four Lagrange multipliers α; β; γ and δ

leads to:

∂
∂Jk;i

S þ α 1
ν1

PM1

i¼1
J1;i � 1

ν2

PM2

i¼1
J2;i

� �
� N1

� �
þ β

P4
k¼1

PMk

i¼1
ϵk;iJ k;i

� �
þU

� ��

þ γ 1
ν1

PM1

i¼1
J1;i þ 1

ν4

PM4

i¼1
J4;i

� �
� N3

� �
þ δ 1

ν1

PM1

i¼1
J1;i þ 1

ν3

PM3

i¼1
J3;i

� �
� N2

� ��
¼ 0

Thus,

J1;i ¼ � 1
αþγþδ
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We then introduce the intensive quantities corre-
sponding to the four conservation laws by defining β ¼
1=T and ðαþ γ þ δÞ=ν1 ¼ μ1=T , �α=ν2 ¼ μ2=T , δ=ν3 ¼
μ3=T , γ=ν4 ¼ μ4=T where T is the common optical
temperature and μk denotes the corresponding chemical
potential. As a result, upon thermalization, for each fre-
quency component, the average power occupancy among
the associated spatial modes is found to obey a Rayleigh-
Jeans distribution, i.e., Eq. (4), while their chemical
potentials μk are balanced according to Eq. (5).

Derivation of equations of state
As demonstrated in the main text, at thermal equili-

brium, the optical power and internal energy at frequency
ωk are given by

Pk ¼
XMk

i¼1

Jk;i ð7Þ

Uk ¼ �
XMk

i¼1

ϵk;iJ k;i ð8Þ

where each modal occupancy Jk;i obeys a RJ distribution
(Eq. (4)). After substituting the RJ distributions in the
above expressions, we obtain

Uk

T
� μk
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1 ¼ Mk

which directly leads to the equations of state

Uk � μkPk ¼ MkT ð9Þ

Extensivity of the optical entropy
As indicated in the main text, at equilibrium, the total

optical entropy of this multi-frequency multimode system
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Transverse mode coupling in monolithic few-mode
fiber laser oscillators
Binyu Rao1,2, Jinbao Chen1,2✉, Zefeng Wang 1,2✉, Hao Li1,2, Baolai Yang1,2✉, Rong Zhao1,2, Xinyu Ye1,2,
Hengyu Tang1,2, Meng Wang1,2, Zhixian Li1,2, Zilun Chen1,2, Jianqiu Cao1,2, Hu Xiao1,2, Wei Liu1,2, Pengfei Ma1,2 and
Tianfu Yao1,2

Abstract
Transverse mode instability (TMI), induced by nonlinear thermal-optical coupling, poses a primary challenge for the
power scaling of fiber lasers. In the fiber oscillator, a sealed resonant cavity, TMI could become particularly complex
due to the mode competition during the laser oscillation. While traditional theories of TMI predominantly address two-
mode coupling, this paper explores the TMI phenomena in few-mode fiber oscillators utilizing a holistic approach that
includes solving steady-state thermal-optic coupling equations. The simulation shows that there is a non-monotonic
correlation between bending loss and the TMI threshold, which is contrary to the monotonic associations suggested
by two-mode interaction theory. When one high-order mode experiences net gain, fluctuations of the TMI threshold
would occur, leading to the amplification of a new mode within the uncoupled frequency region, thus affecting the
gain saturation. By designing the linewidth of a low-reflection grating (LR), the modal power management in the
uncoupled frequency domain can be achieved. An excessively broad LR linewidth exacerbates mode coupling within
the shared frequency region, thus exacerbating TMI. To validate the theoretical simulation, we carefully fabricated LRs
and optimized the fiber coiling to elevate the TMI threshold. Through careful optimization of LR linewidth and
bending radii, we achieved a record-breaking laser output of 10.07 kW using a monolithic fiber oscillator, with no
observable evidence of TMI. Our work demonstrates that modal power redistribution in independent frequency
domains offers a novel approach to mitigating TMI in high-power fiber lasers. Additionally, it provides new insights
into mode decoupling strategies pertinent to fiber communications.

Introduction
High-power fiber lasers are widely employed as laser

sources in industrial processing and scientific research,
due to the advantages of high beam quality, high effi-
ciency, simple thermal management, and transmission
flexibility. The fiber laser oscillator with its monolithic
resonant cavity offers resistance to environmental inter-
ference, superior robustness, and simple control logic.

Over the past decade, fiber lasers have made remarkable
progress in power scaling. There have been several reports
of 5–8 kW level single-stage monolithic fiber laser oscil-
lators1–5, which employed various resonant cavity designs
to mitigate the power scaling limitations. Despite these
achievements, critical challenges persist in the fiber laser
development, including nonlinear effects represented by
stimulated Raman scattering (SRS) and transverse mode
instability (TMI) induced by thermal-optical effects. Many
feasible schemes6–9 could be used to suppress nonlinear
Raman components. While multiple strategies have been
proposed to suppress nonlinear Raman components, TMI
remains a more formidable obstacle, due to a sudden
onset of beam break-up and the rapid degeneration of
beam quality10. The TMI-induced transferring of mode
energy in fiber laser generally originates from thermal
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